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The nonloal theory of aelerated systems is extended to linear gravitational waves
as measured by aelerated observers in Minkowski spaetime. The impliations of
this approah are disussed. In partiular, the nonloal modiations of heliity-
rotation oupling are pointed out and a nonloal wave equation is presented for a
speial lass of uniformly rotating observers. The results of this study, via Einstein's
heuristi priniple of equivalene, provide the inentive for a nonloal lassial theory
of the gravitational eld.
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I. INTRODUCTION
In a reent paper [1℄, the spin-rotation-gravity oupling has been worked out in detail for
linear gravitational waves. In partiular, it has been demonstrated that a plane monohro-
mati linear gravitational wave of frequeny ω propagating in Minkowski spaetime has
frequeny ω′,
ω′ = γ(ω ∓ 2Ω), (1)
as measured by an observer rotating uniformly with frequeny Ω about the diretion of
propagation of the inident radiation. Here γ is the Lorentz fator of the observer and the
upper (lower) sign orresponds to positive (negative) heliity radiation. More generally,
ω′ = γ(ω −mΩ), (2)
where m = 0,±1,±2, . . . , is the total (orbital plus spin) angular momentum parameter in
the ase of oblique inidene [1℄.
2Equations (1) and (2) are the spin-2 analogues of similar results for eletromagneti ra-
diation that have been disussed in detail in [2℄. In Eq. (2), ω′ an be zero or negative.
A negative ω′ annot be exluded due to the absolute harater of the observer's rotation.
However, in the ase of ω′ = 0, there is no experimental evidene to suggest that a basi ra-
diation eld ould ever stand ompletely still with respet to any observer. In the derivation
of Eqs. (1) and (2), the standard theory of relativity based on the hypothesis of loality has
been employed. A onsequene of this assumption is that the gravitational wave ould stand
ompletely still for ω = mΩ in Eq. (2). For instane, by a mere rotation of frequeny ω/2 in
the positive sense about the diretion of propagation of a normally inident positive heliity
gravitational wave, the eld beomes ompletely stati in aordane with Eq. (1). Under
Lorentz transformations, however, a linear gravitational radiation eld an never stand still
with respet to an inertial observer; indeed, this is the ase for all basi radiation elds.
Generalizing this irumstane to all observers, a nonloal theory of aelerated observers
has been developed that goes beyond the hypothesis of loality and is onsistent with all
observational data available at present [2, 3℄. Speially, the nonloal eletrodynamis of
rotating systems has been suessfully tested indiretly via the agreement of the nonloal
theory's preditions with standard quantum mehanial results for the eletromagneti in-
terations of rotating eletrons in the orrespondene limit [2℄. Moreover, the postulates of
the nonloal theory forbid the existene of a fundamental salar (or pseudosalar) radiation
eld in nature in agreement with observation.
Let ψ(x) be a basi radiation eld in Minkowski spaetime and imagine an aelerated
observer that measures this eld as a funtion of proper time τ along its worldline. Let Ψˆ(τ)
be the result of suh a measurement. Aording to the hypothesis of loality, the aelerated
observer is pointwise equivalent to an otherwise idential hypothetial momentarily omoving
inertial observer. Let ψˆ(τ),
ψˆ(τ) = Λ(τ)ψ(τ), (3)
where Λ is a matrix representation of the Lorentz group, be the measured eld aording to
the innite set of suh momentarily omoving inertial observers; therefore, the hypothesis
of loality would require that Ψˆ(τ) = ψˆ(τ). On the other hand, the most general linear
relationship between Ψˆ and ψˆ that is onsistent with ausality an be expressed as
Ψˆ(τ) = ψˆ(τ) +
∫ τ
τ0
K(τ, τ ′)ψˆ(τ ′)dτ ′ (4)
3for τ ≥ τ0, where τ0 is the instant at whih the aeleration is turned on. Equation (4),
whih expresses the nonloality of eld determination by an aelerated observer, involves
a weighted average over the past worldline of the observer and is thus ompatible with the
ideas put forth by Bohr and Rosenfeld [4℄. The kernel K must learly vanish in the absene
of aeleration. It follows from the results of Volterra [5℄ and Triomi [6℄ that the relationship
between ψ(τ) and Ψˆ(τ) is unique in the spae of funtions of physial interest.
To ensure that a basi radiation eld never stands ompletely still with respet to an
aelerated observer, i.e. Ψˆ is variable when ψ is, we assoiate a onstant Ψˆ with a onstant
ψ. The Volterra-Triomi uniqueness theorem [5, 6℄ then exludes the possibility that a
onstant Ψˆ ould ever result from a variable ψ. Our postulate thus implies the following
integral equation for the kernel K
Λ(τ0) = Λ(τ) +
∫ τ
τ0
K(τ, τ ′)Λ(τ ′)dτ ′. (5)
The solutions of this equation have been investigated in detail [7, 8℄. It turns out that the





The onsequenes of this theory for nonloal eletrodynamis have been worked out in
detail [2, 3℄. Moreover, k = 0 for a salar (or pseudosalar) eld, whih is therefore always
loal and hene subjet to the diulty involving salar (or pseudosalar) radiation standing
ompletely still with respet to ertain rotating observers. It would be interesting to extend
the nonloal ansatz to linear gravitational waves in Minkowski spaetime and explore some
of the onsequenes of the resulting theory. This is done in the rest of this paper.
The spaetime metri assoiated with a linear gravitational wave is given by gµν = ηµν +
hµν(x
α), where (ηµν) = diag(−1, 1, 1, 1) is the Minkowski metri tensor, x
α = (ct, x, y, z)
and hµν is a suiently small perturbation subjet to the gauge transformation
hµν 7→ hµν + ǫµ,ν + ǫν,µ (7)
due to an innitesimal transformation of inertial oordinates xµ 7→ xµ − ǫµ. The gauge-




(hµσ,νρ + hνρ,µσ − hνσ,µρ − hµρ,νσ). (8)
4In what follows, we will regard hµν and Rµνρσ as elds dened in a global inertial frame
in Minkowski spaetime. It proves useful to introdue the trae-reversed wave amplitude
h¯µν = hµν −
1
2
ηµνh, where h = η
µνhµν . Imposing the transverse gauge ondition h¯
µν
,ν = 0,
the soure-free gravitational eld equation redues to the wave equation h¯µν = 0 in this
ase [9℄. The remaining gauge freedom is usually restrited by introduing the transverse-
traeless gauge in whih the onditions h = 0 and h0µ = 0 are further imposed.
It is well known that the treatment of gravitational waves outlined above, namely, the lin-
ear approximation of general relativity for free gravitational elds on a Minkowski spaetime
bakground admits of an alternative interpretation: It an be regarded as a Lorentz-invariant
theory of a free linear massless spin-2 eld in speial relativity. This latter approah  to
whih the nonloal theory of aelerated systems [2, 3℄ is diretly appliable  is adopted
in the rest of this paper.
It is important to reognize that the nonloal ansatz an be applied either to the gravita-
tional eld (Rµνρσ) or the gravitational wave potential (hµν or h¯µν) resulting in two distint
but losely related approahes. The situation here is ompletely analogous to the eletromag-
neti ase [10℄. For the sake of simpliity, we hoose the latter alternative in what follows.








where λµαˆ is the orthonormal tetrad assoiated with the observer. Our nonloal ansatz (4)
for the hµν then takes the Lorentz-invariant form







where Hαˆβˆ is the gravitational wave amplitude as measured by the aelerated observer.
In general, the symmetri tensor hµν (or h¯µν) has ten independent omponents. We
arrange these in a olumn vetor ψ suh that Eq. (9), or the analogous one for h¯µν , an take
the form of Eq. (3) with a 10×10 matrix Λ. Speially, ψˆA = Λ
B
A ψB, where indies A and
B belong to the set {00, 01, 02, 03, 11, 12, 13, 22, 23, 33}. For the sake of deniteness, we will
heneforth assume that ψ represents hµν .
It is worthwhile to work out expliitly the nonloal theory of linear gravitational waves
for ertain aelerated observers. Setion II is devoted to uniformly rotating observers; then,
the nonloal results are employed in Setion III to re-examine the status of heliity-rotation
5oupling for gravitational radiation. For a speial lass of uniformly rotating observers, the
nonloal gravitational wave equation is derived in Setion IV. Setion V explores the ase of
translationally aelerated observers. The impliations of the nonloal treatment of linear
gravitational waves via Einstein's priniple of equivalene are disussed in Setion VI. Some
of the omputational details are relegated to the appendies.
II. UNIFORMLY ROTATING OBSERVER
Consider an observer that for t < 0 moves uniformly in the (x, y) plane of an inertial
system of oordinates suh that x = r and y = rΩt, where r and Ω are positive onstants.
Suppose that at t = 0 the observer begins to move on a irle of radius r with x = r cos φ,
y = r sinφ and z = 0. Here φ = Ωt = γΩτ , where γ is the observer's Lorentz fator that




= γ(1,−β sinφ, β cosφ, 0), (11)
λµ
1ˆ
= (0, cosφ, sinφ, 0), (12)
λµ
2ˆ
= γ(β,− sinφ, cosφ, 0), (13)
λµ
3ˆ
= (0, 0, 0, 1). (14)
In this ase, Eq. (9) is written out in detail in Appendix A and thereby Λ an be immediately
onstruted. The kernel k an then be determined using Eq. (6). The general ase will not
be treated here; instead, we fous attention on the simple ase of the observer that is at
rest at the spatial origin of oordinates and refers its measurements to uniformly rotating
axes, i.e. r = 0, so that β = 0 and γ = 1 in Eqs. (11) and (13). In this ase Λ has a blok












cos2 φ sin 2φ 0 sin2 φ 0
−1
2
sin 2φ cos 2φ 0 1
2
sin 2φ 0
0 0 cosφ 0 sin φ
sin2 φ − sin 2φ 0 cos2 φ 0




We note that detR = det T = 1 and
R−1(φ) = R(−φ), T−1(φ) = T (−φ). (17)
The kernel k an be easily determined in this ase, sine Λ−1 =
diag(1, R(−φ), 1, T (−φ), 1). It then turns out that k is a onstant matrix (km,n),
m,n = 1, . . . , 10, with nonzero elements given by
k2,3 = k6,8 = k7,9 = −Ω, (18)
k3,2 = k6,5 = k9,7 = Ω, (19)
−k5,6 = k8,6 = 2Ω. (20)
The kernel an be used to determine the nonloal relationship, based on the ansatz (10),
between the measured omponents of the gravitational potential, denoted by Hαˆβˆ, and the
omponents hαˆβˆ that are obtained from the hypothesis of loality. The end result an be
expressed as
H0ˆ0ˆ = h0ˆ0ˆ, H0ˆ3ˆ = h0ˆ3ˆ, H3ˆ3ˆ = h3ˆ3ˆ, (21)










H1ˆ1ˆ +H2ˆ2ˆ = h1ˆ1ˆ + h2ˆ2ˆ, (23a)




















These equations, ombined with the results of Appendix A, an be employed to determine
the nonloal modiations of the heliity-rotation oupling for gravitational waves inident
on the speial rotating observer that oupies the origin of spatial oordinates.
III. HELICITY-ROTATION COUPLING
Consider the reeption of a plane monohromati gravitational wave of denite heliity
inident along the z axis by the rotating observer that is xed at the origin of spatial
oordinates. In the transverse-traeless gauge, the wave amplitude is given by the real part
of
(hij) = A(e⊕ ± ie⊗)e
iω(−t+z/c). (25)
Here A is a onstant amplitude, the upper (lower) sign orresponds to positive (negative)
















For wave funtions, the omplex representation is employed throughout as all operations
involving gravitational waves are linear. Thus only the real parts of the relevant quantities
are of physial interest.












ω′ = ω ∓ 2Ω, τ = t and z = 0. Equations (27)-(29) are simply the spin-2 analogues of the
orresponding results that have been disussed in detail in nonloal eletrodynamisf.
Eqs. (12)-(17) of [2℄. Speially, for the ase of resonane involving an inident positive
heliity wave of frequeny ω 7→ 2Ω, we nd that as ω′ 7→ 0, F+ 7→ f+ = 1 − 2iΩτ ; this
linear divergene with time an be avoided with a nite inident wave paket. On the
other hand, for an inident negative heliity wave of ω = 2Ω, ω′ = 4Ω and F− beomes
f− = cos(2Ωτ) exp(2iΩτ).
Another diret onsequene of nonloality, evident in the fator F±, is that the amplitude
of a positive heliity gravitational wave of ω > 2Ω as measured by the rotating observer is
enhaned by a fator of ω/(ω − 2Ω), while that of a negative heliity wave is diminished by
a fator of ω/(ω + 2Ω).
The nonloal aspets of linear gravitation developed here may be extended to an iner-
tial observer in the gravitomagneti eld of a rotating mass via the gravitational Larmor
theorem [1℄. Moreover, it should be remarked that for Earth-based gravitational-wave an-
tennas the eetive rotation frequeny is about 10−5Hz. The nonloal eets disussed here
would then be ordinarily very small for inident high-frequeny gravitational waves with
Ω/ω << 1; in fat, nonloality ould only beome signiant near resonane.
The results that have been obtained thus far for the rotating observer xed at the origin
of spatial oordinates may be simply extended to a whole lass of suh observers that are
xed in spae and dier from eah other only through their spatial positions. It turns out to
be simpler to deal with this lass of uniformly rotating observers than the lass of observers
whose tetrads are given by Eqs. (11)-(14). In the following setion, we present the nonloal
gravitational eld equation for the lass of spatially xed rotating observers.
IV. NONLOCAL WAVE EQUATION
Imagine observers that are always at rest in a global inertial frame and refer their mea-
surements to the standard inertial axes for −∞ < t < 0; for t ≥ 0, however, they employ
axes that rotate uniformly about the z axis with frequeny Ω. Thus for t ≥ 0, eah suh
9observer arries a tetrad frame given by Eqs. (11)-(14) with β = 0 and γ = 1. The purpose
of this setion is to develop the Lorentz-invariant nonloal gravitational wave equation for
this speial lass of noninertial observers.
It is a general onsequene of Eq. (10) that for τ > τ0,
hαβ(τ) = Hαβ(τ) +
∫ τ
τ0
r˜ γδαβ (τ, τ
′)Hγδ(τ
′)dτ ′, (30)
where r˜ is a variant of the resolvent kernel and has been disussed in detail in [10℄. It has
been shown in Appendix C of [10℄ that if k is a onstant kernel, then r˜ is onstant as well
and is given by
r˜ = −Λ−1(τ0)kΛ(τ0). (31)
For the speial lass of rotating observers under onsideration here, τ = t, τ0 = 0, k is a
onstant matrix and its nonzero elements are given in Eqs. (18)-(20). Moreover, it is lear
from Eqs. (15)-(16) that Λ(0) is the identity matrix; hene, it follows from Eq. (31) that in
this ase
r˜ = −k. (32)
Thus the expliit form of the ten independent equations ontained in Eq. (30) may
be obtained from Eqs. (21)-(24b) by making the formal replaement (Hαˆβˆ, hαˆβˆ,Ω) 7→
(hαβ , Hαβ,−Ω). It is interesting to note that the form of Eqs. (21)-(24b) remains the same
if all of the indies are raised; the same is true for the expliit form of Eq. (30) in the ase
under onsideration here.
To express Eq. (30) for the speial lass of rotating observers, it proves onvenient to
write




for t > 0, sine the observers are xed in spae. Here the omponents of r˜ are all onstants
proportional to Ω. The substitution of hαβ(t,x) in the equations that it satises would
then result, via Eq. (33), in the orresponding equations for the nonloal wave amplitude
Hαβ(t,x).








and satises the wave equation
hαβ = 0, (35)
10
whih follows from h¯αβ = 0. Thus for t > 0, H
αβ











where H = ηαβH
αβ












for t > 0.
The measurements of a lass of linearly aelerated observers are onsidered in the next
setion. In partiular, we will rule out the possibility of existene of a diret nonloal
oupling between the heliity of gravitational radiation and linear aeleration.
V. LINEARLY ACCELERATED OBSERVERS
Consider the lass of observers at rest in the bakground global inertial system for −∞ <
t < 0. At t = 0, the observers aelerate from rest with aeleration g(τ) > 0 along the z
axis. Here τ is the proper time and τ = 0 at t = 0. For τ ≥ 0, the orthonormal tetrad frame
of the observers is given by
λµ
0ˆ
= (C, 0, 0, S), λµ
1ˆ
= (0, 1, 0, 0), (38)
λµ
2ˆ
= (0, 0, 1, 0), λµ
3ˆ
= (S, 0, 0, C), (39)






g(τ ′)dτ ′. (40)
It follows from Eq. (9) that the wave amplitude, as measured by the momentarily omov-
ing observers, is given by
h1ˆ1ˆ = h11, h1ˆ2ˆ = h12, h2ˆ2ˆ = h22, (41)
h0ˆ0ˆ − h3ˆ3ˆ = h00 − h33, (42a)
1
2
(h0ˆ0ˆ + h3ˆ3ˆ) =
1
2
(h00 + h33) cosh 2θ + h03 sinh 2θ, (42b)
h0ˆ3ˆ = h03 cosh 2θ +
1
2
(h00 + h33) sinh 2θ, (42)
11
h0ˆ1ˆ − h1ˆ3ˆ = (h01 − h13)e
−θ, (43a)
h0ˆ1ˆ + h1ˆ3ˆ = (h01 + h13)e
θ, (43b)
h0ˆ2ˆ − h2ˆ3ˆ = (h02 − h23)e
−θ, (44a)
h0ˆ2ˆ + h2ˆ3ˆ = (h02 + h23)e
θ. (44b)
The details of the alulation of the kernel are presented in Appendix B. We nd, based
on Eq. (10), that the omponents of the wave amplitude as measured by a linearly aelerated
observer are given by
H1ˆ1ˆ = h1ˆ1ˆ, H1ˆ2ˆ = h1ˆ2ˆ, H2ˆ2ˆ = h2ˆ2ˆ, (45)
H0ˆ0ˆ −H3ˆ3ˆ = h0ˆ0ˆ − h3ˆ3ˆ, (46a)











































An immediate onsequene of these equations may be noted: For an inident gravitational
wave of denite heliity (25) propagating along the diretion of motion of the observer,
Hiˆjˆ = hij , as follows immediately from Eqs. (41) and (45). Thus there is no oupling of
the observer's aeleration with the heliity of the inident gravitational radiation. This is
a generalization of previous results [3℄ to nonloal gravitation.
12
An important onsequene of the results of this setion should be noted: The general har-
ater of the nonloal relations for observers that are linearly aelerated in the z diretion
makes it possible in this ase to develop the nonloal wave equation for linear gravitational
waves following the same steps as in [10℄ for nonloal Maxwell's equations. Einstein's heuris-
ti priniple of equivalene may then be employed to argue intuitively that nonloality should
extend to purely gravitational situations as well resulting in nonloal as well as nonlinear
gravitational eld equations.
VI. DISCUSSION
There is only indiret evidene at present, based on the orbital deay of ertain binary
pulsars, for the existene of gravitational waves. Assuming that gravitation involves a basi
radiation eld, the nonloal theory of aelerated observers has been extended in this paper
to inlude linear gravitational waves. Following the approah presented in [10℄ for eletrody-
namis, it is in priniple possible to develop nonloal eld equations for linear gravitational
waves in Minkowski spaetime. This has been done in the present paper for a rather simple
lass of uniformly rotating observers. Invoking Einstein's priniple of equivalene, the results




For a general uniformly rotating observer onsidered in Setion II, Eq. (9) may be written
out in omponent form as follows:
h0ˆ0ˆ = γ
2[h00 + β(− sinφ h01 + cosφ h02) + β
2(sin2 φ h11 − sin 2φ h12 + cos
2 φ h22)], (A1)
h0ˆ1ˆ = γ
[
cosφ h01 + sinφ h02 +
1
2












(− sinφ h01 + cos φ h02) + sin





h0ˆ3ˆ = γ[h03 + β(− sinφ h13 + cos φ h23)], (A4)
h1ˆ1ˆ = cos
2 φ h11 + sin 2φ h12 + sin
2 φ h22, (A5)
h1ˆ2ˆ = γ
[
β(cosφ h01 + sin φ h02) +
1
2
(− sin 2φ h11 + 2 cos 2φ h12 + sin 2φ h22)
]
, (A6)
h1ˆ3ˆ = cosφ h13 + sin φ h23, (A7)
h2ˆ2ˆ = γ
2[β2h00 + 2β(− sinφ h01 + cosφ h02) + sin
2 φ h11 − sin 2φ h12 + cos
2 φ h22], (A8)
h2ˆ3ˆ = γ(βh03 − sinφ h13 + cosφ h23), (A9)
h3ˆ3ˆ = h33. (A10)
These equations are equally valid for uniformly rotating observers at any xed value of the
vertial oordinate z.





−β2γ2 ±iβγ −βγ2 0
±iβγ 1 ±iγ 0
−βγ2 ±iγ −γ2 0




where the temporal dependene is of the form exp(−iω′τ) with ω′ given by Eq. (1). Equa-
tion (A11) should be ompared and ontrasted with the measured omponents of the Rie-
mann tensor in this ase given by Eqs. (2.10) and (2.11) of [1℄. Moreover, we note that for
the speial rotating observer with β = 0 and γ = 1, Eq. (A11) simply redues to Eq. (27).
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APPENDIX B
The purpose of this appendix is to ompute Λ−1 and the kernel k for the linearly ael-
erated observers of Setion V. Inspetion of Λ reveals that the entries in its fth and sixth
rows and olumns vanish exept for the diagonal elements that both equal unity. Let the












C2 0 0 2CS
0 C 0 0
0 0 C 0
CS 0 0 C2 + S2


, N = S


0 0 0 S
1 0 0 0
0 0 1 0







0 1 0 0
0 0 0 0
0 0 1 0
S 0 0 2C


, Q = diag(C, 1, C, C2). (B3)
Here, as before, C = cosh θ and S = sinh θ. We note that detM = detQ = C4 and








U = (M −NQ−1P )−1, V = −M−1NY, (B5)







C2 + S2 0 0 −2CS
0 C 0 0
0 0 C 0





and the expliit evaluation of the matries in Eqs. (B5) and (B6), one nds the simple
relation
Λ˜−1(θ) = Λ˜(−θ). (B8)
The same relation holds for Λ, i.e. Λ−1 has the same form as Λ but with (C, S) 7→ (C,−S).
Moreover, the nonzero elements of k in this ase turn out to be
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